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Abstract
We consider the problem of essential self-adjointness of the spatial part of the Klein-Gordon
operator in stationary spacetimes. This operator is shown to be a Laplace-Beltrami type operator
plus a potential. In globally hyperbolic spacetimes, essential self-adjointness is proven assuming
smoothness of the metric components and semi-boundedness of the potential. This extends a recent
result for static spacetimes to the stationary case. Furthermore, we generalize the results to certain
non-globally hyperbolic spacetimes.
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1 Introduction
In a recent paper [MO18a] essential self-adjointness of the spatial part of the Klein-Gordon operator
(with potential) was proved under fairly mild assumptions. In particular, this proof applies in all
smooth globally hyperbolic static cases. Although any globally hyperbolic manifold (M, g) admits
a global time function for which the metric is of the form (see [BS05, Theorem 1.1]),
g = −N2dt2 + gijdxidxj , (1.1)
∗finster@ur.de
†amuch@matmor.unam.mx
‡robert@matmor.unam.mx
1
2in many applications one must deal with more general coordinates with a non-vanishing shift vector.
This means that there is a term mixing the temporal and spatial components, represented by the
metric
g = N˜2 dt2 + 2Ni dt dx
i + gij dx
i dxj .
In general all components can be time dependent. However, in this paper we restrict attention to
time independent metrics. One important example of such stationary spacetimes is the Kerr metric
(see for example [O’N95, Cha98]). Hence, one goal of this paper is to generalize the previously
mentioned result (a special case of [MO18a]; see also [Kay78, Theorem 7.1]) to the case of globally
hyperbolic stationary spacetimes. Apart from the importance of this result for the Kerr metric
and stability considerations, it is also useful for computing various propagators in quantum field
theory; see for example [DS17]. In particular, the essential self-adjointness of the spatial part of the
Klein-Gordon operator for globally hyperbolic spacetimes is the first assumption that the authors
in [DS17, Assumption 1.a.] make. Moreover, a proof of essential self-adjointness of the respective
operator can be used to rigorously construct complex structures on the classical solution spaces in
stationary spacetimes in the context of quantum field theory, as done in [Kay78] and [MO18b].
Our main result (see Theorem 3.5) generalizes the globally hyperbolic static case to the station-
ary one, without any further restrictions, except for smoothness of the manifold. The techniques
also apply to spacetimes with ergo regions like the Kerr geometry (see Theorem 4.6). Finally, we
adapt the methods to obtain similar results for certain non-globally hyperbolic stationary space-
times (see Theorem 4.8).
Our results lead to the following directions of future research. First, it would be useful (at least
in the context of [DS17]) to prove that the current result can be generalized to time-dependent
metrics. Preliminary results indicate that the generalization in this direction is straightforward.
Second, the dynamics can be formulated on stably causal, non-globally hyperbolic manifolds that
are static or stationary, as long as the spatial part of the operator of the Klein-Gordon equation
is self-adjoint, see [Wal80], [IW03], [Seg04]. Hence proving essential self-adjointness would choose
a unique self-adjoint extension of the respective operator. It is also of interest to explore if the
resulting complex structures on the solution spaces in the non-globally hyperbolic stationary case
match the framework of [Kay92]. This is current work in progress.
Conventions 1.1. Throughout this work we use Greek letters µ, ν = 0, . . . , 3 for spacetime indices
and we use Latin letters i, j, k, . . . for spatial components which run from 1, . . . , 3. Moreover, we
use the signature (−1, 1, 1, 1), bold letters for the spatial metrics and |g| denotes the determinant
w.r.t. the metric g.
2 The Geometry
In what follows, we restrict our attention to stationary spacetimes. A spacetime (M, g) is called
stationary if there is a Killing vector field which is timelike near infinity (see [Ful89, Page 128]).
This means in appropriate charts that the metric components gµν do not depend on the time
coordinate t. Furthermore, we consider a four-dimensional smooth spacetime manifold M that is
the product manifold M = R × Σ, where Σ is a smooth spacelike hypersurface, (strictly speaking
Σt = {t} × Σ) with induced Riemannian metric gij(~x), and metric g of the form
g = (−N2(~x) +NiN i) dt2 + 2Ni(~x) dt dxi + gij(~x) dxi dxj , (2.1)
with N ∈ C∞(Σ,R+) being a non-negative function and a vector field N i∂i ∈ Γ(M,TΣ) tangential
to Σt. The components of the inverse metric g
µν are given by
g00 = −N−2, g0i = N−2N i, hij = gij −N−2N iN j .
The inverse of the metric hij , which is essential in the following sections, is given by
hij = gij +
NiNj
N2 −NiN i .
3Assumption 2.1. In what follows, we assume that the shift vector field ~N is not completely
independent but is restricted by the condition
−N2 +NiN i < 0, (2.2)
unless otherwise stated. This condition is equivalent to the assumption that the Killing vector
field X(≡ ∂t) = N n(Σ)+N i∂i is everywhere timelike (where n(Σ) is a unit future-pointing normal
vector field on Σ; see also [Kay78, Equation 1.3]).
3 The Main Result
Next, we investigate the spatial part of the Klein-Gordon equation
(
(
√
|g|)−1∂µ(
√
|g|gµν∂ν)−m2(~x)
)
Φ = 0,
in a stationary spacetime (M, g) with metric tensor given in Equation (2.1), where m(~x) is a po-
tential which may include the rest mass, scalar curvature and possibly a time-independent external
potential.
Proposition 3.1. The spatial part of the Klein-Gordon equation resulting from the metric g,
given in Equation (2.1), has the form of a scaled weighted Laplace operator (see Definition and
Equation 3.3) plus a potential term, i.e.,
w2 = −N2 1
ρ
√
|h|∂i
(
ρ
√
|h|hij∂j
)
+ V (x)
= −N2∆µ,h + V (x), (3.1)
where we use the following definition of variables,
ρ :=
√
|g|(
√
|h|)−1, V (x) := N2m2(x). (3.2)
Proof. See Appendix A.1.
The functional properties of the function ρ are given in the following result.
Lemma 3.2. The function ρ =
√
|g|(
√
|h|)−1 is explicitly given by
ρ =
√
|g−100 |.
Furthermore, it is a strictly positive and smooth function.
Proof. See Appendix A.2.
In analogy to the proof in [MO18a], for the proof of essential self-adjointness of the spatial
part of the Klein-Gordon equation we use the theory of weighted Hilbert spaces and the related
fundamental theorem given in [Shu01] (see Appendix B.1). We proceed by supplying a minimal
introduction. For further details, see the excellent reference [Gri09]. We begin with the definition
of weighted manifolds and the corresponding weighted Laplace-Beltrami operator [Gri09, Chapter
3.6, Definition 3.17].
Definition 3.3. A triple (Σ,h, µ) is called a weighted manifold, if (Σ,h) is a Riemannian
manifold and µ is a measure on Σ with a smooth and everywhere positive density function ρ.
The weighted Hilbert space, denoted as L2(Σ, µ), is given as the space of all square-integrable
functions on the manifold Σ with respect to the measure µ. The corresponding weighted Laplace-
Beltrami operator (also called the Dirichlet-Laplace operator), denoted by ∆µ,h is given by
∆µ,h =
1
ρ
√
|h|∂i(ρ
√
|h|hij∂j). (3.3)
Another fact that is useful for our proof about weighted manifolds and weighted Laplace-
Beltrami operators is given in the following proposition [Gri09, Chapter 3, Exercise 3.11].
4Proposition 3.4. Let α be a smooth and everywhere positive function on a weighted manifold
(Σ,h, µ) and define a new metric h˜ and measure µ˜ by
h˜ = αh, and dµ˜ = αdµ.
Then, the weighted Laplace-Beltrami operator ∆˜µ˜ of the weighted manifold (Σ, h˜, µ˜) is given by
∆˜µ˜,h˜ =
1
α
∆µ,h.
Proof. See [MO18a, Proof of Proposition 3.1].
Next, let us consider the weighted manifolds (Σ,h, µ) and (Σ, h˜, µ˜), where dµ˜ = N−2 dµ and
h˜ = N−2 h. Applying the last proposition we rewrite the operator w2 as a weighted Laplace-
Beltrami operator plus a potential, i.e.,
w2 = −∆˜µ˜,h˜ + V,
and by using [Shu01, Theorem 1.1] (see Appendix B.1) we obtain the following theorem.
Theorem 3.5. Let the Riemannian manifold (Σ, h˜) be geodesically complete and let the potential
V ∈ L2loc(Σ, µ˜) be such that it can be written as V = V+ +V−, where V+ ∈ L2loc(Σ, µ˜) ≥ 0 and V− ∈
L2loc(Σ, µ˜) ≤ 0 point-wise. Moreover, let the operator w2 (from Equation (3.1)) be semi-bounded
from below. Then, the operator w2 is an essentially self-adjoint operator on C∞0 (Σ) ⊂ L2(Σ, µ˜).
Proof. The proof is analogous to [MO18a, Theorem 4.1] and follows readily from Lemma 3.2,
Proposition 3.4 and Theorem B.1.
4 Geodesic Completeness
In this section we assume that the potential V satisfies all the requirements that are demanded in
Theorem 3.5. The essential self-adjointness of the operator w2 for a manifold (M = R × Σ, g) is
proven in Theorem 3.5 for the case that the Riemannian manifold (Σ, h˜) is geodesically complete.
Hence, proving geodesic completeness for the aforementioned Riemannian manifold with metric
h˜ij = N
−2hij implies essential self-adjointness.
In the context of geodesic completeness (of the respective Riemannian manifold) we use a funda-
mental theorem for general time-dependent metrics of the Form (4.1) given in [Cot04, Theorem 2.1]
(see also [CBC02, PKP19]). Let the spacetimeM be given by the productM = R×Σ, where Σ is an
n-dimensional smooth Riemannian manifold. We endow the manifold M with a n+1-dimensional
Lorentz metric g of the form,
g = −N2(~x, t)dt2 + gij(~x, t) (dxi +N i(~x, t) dt) (dxj +N j(~x, t) dt). (4.1)
Here, N(~x, t) is the lapse function, N i(~x, t) the shift vector and the spatial slices Σt = {t} × Σ
of M , are spacelike sub-manifolds equipped with the time-dependent metric gt = gij(~x, t)dx
i dxj .1
Moreover, let the following assumption be met.
Assumption 4.1. The components of the metric g (Equation (4.1)) have the following bounds.
1. The lapse function is bounded from above and below for all t, i.e.,
0 < αB ≤ N(~x, t) ≤ αC ,
where αB, αC ∈ R.
2. The scalar product of the shift vectors N i(~x, t) for the spatial metric is uniformly bounded
from above by a number B.
1Such a product space M is called a sliced space. The spacetime is time-oriented by increasing t.
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3. The metric gij(~x, t) is uniformly bounded by the metric gij(~x, 0) for all t ∈ R and tangent
vectors u ∈ TΣ. That is, there exist constants A,D ∈ R > 0 such that
Agij(~x, 0)u
i uj ≤ gij(~x, t)ui uj ≤ D gij(~x, 0)ui uj. (4.2)
Theorem 4.2. For a spacetime manifold (M, g), with metric g that satisfies Assumption 4.1,
the following two statements are equivalent.
1. (Σ,g) is a complete Riemannian manifold.
2. The spacetime (M, g) is globally hyperbolic.
4.1 Globally Hyperbolic Stationary Spacetimes
In [MO18a] we proved the self-adjointness of w2 for a large class of globally hyperbolic spacetimes2
including all static ones with metric of the form,
g = −N2(~x)dt2 + gij(~x) dxi dxj .
The proof relied on the fact that conformal transformations do not change the causal structure
and on a theorem concerning ultra-static spacetimes given in [Kay78]. Next, we prove the essential
self-adjointness of w2 for all globally hyperbolic stationary spacetimes of the form
g = −N2(~x)dt2 + gij(~x) (dxi +N i dt) (dxj +N j dt),
by proving that (Σ, h˜) is geodesically complete. Hence, we turn our attention to the case where
the lapse function, the shift vector and the metric are time-independent. Moreover, our focus is
to study the geodesic completeness of the conformally transformed metric (where the conformal
factor is N−2), since this is the remaining ingredient for the proof of essential self-adjointness.
Theorem 4.3. Let (M, g) be a stationary globally hyperbolic spacetime of the form given in
Equation (4.1). Then, the Riemannian manifold with the conformally transformed metric (Σ, h˜) is
complete.
Proof. The conformally transformed stationary spacetime (M, g˜), given by a metric of the form
g˜ = −dt2 + g˜ij(~x) (dxi +N i dt) (dxj +N j dt),
with g˜ = N−2g, is globally hyperbolic since conformal transformations do not change the causal
structure (see [Wal10, Appendix D]). Moreover, the conformally transformed metric satisfies the
requirements of Theorem 4.2; The Lapse function is equal to one and therefore bounded (possesses
a lower and upper bound), and the scalar products of the conformally transformed spatial met-
ric shift vectors are also bounded from above. This follows easily from Assumption 2.1, i.e., by
Inequality (2.2), from which we have,
−1 +N−2gijN iN j = −1 + g˜ijN iN j < 0.
The needed inequality follows, i.e.,
g˜ijN
iN j < 1.
Since the conformally transformed spatial metric is time-independent it is uniformly bounded by
itself. That is,
A g˜iju
i uj ≤ g˜ij(~x)ui uj ≤ D g˜ijui uj,
for constants 0 < A ≤ 1 and D ≥ 1 and tangent vectors u ∈ TΣ. Henceforth, we conclude from
the global hyperbolicity of (M, g˜) and Theorem 4.2 that (Σ, g˜) is a complete Riemannian manifold.
Since, the metric h˜ is positive and the difference h˜ − g˜ is positive semi-definite at every point,
it follows that the Riemannian manifold Σ with the metric h˜ is complete [Gor73, Theorem 1,
Remark 2].
2With smoothness requirements on g00 and semi-boundedness of the potential.
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Hence, by this theorem, essential self-adjointness of the operator w2 (from Equation 3.1) holds
for all globally hyperbolic stationary spacetimes that are smooth (and with suitable require-
ments on the potential, see [Shu01, Theorem 1.1]). This theorem is the generalization of a previous
result, see [MO18a], to globally hyperbolic stationary spacetimes.
4.2 Example: Kerr Metric
An interesting and intensely studied model in the context of stationary spacetimes is the Kerr
metric which describes a rotating, stationary, axially symmetric black hole. In this section we
explain how our methods can be adapted such as to apply to the spatial Klein-Gordon operator
in the Kerr geometry. The reason why such an adaptation is necessary is that our above proof of
essential self-adjointness relied on the Assumption 2.1,
−N2 +NiN i < 0.
If this term is positive or equal to zero, our main Theorem 3.5 does not apply. This is indeed
the case for the Kerr spacetime (M, gKerr) in Boyer-Lindquist coordinates. Using the notation
in [FKSY05], we write the metric in Boyer-Lindquist coordinates (t, r, ϑ, ϕ) with r > 0, 0 ≤ ϑ ≤ π,
0 ≤ ϕ ≤ 2π as
gKerr = −∆
U
(dt− a sin2 ϑ dϕ)2 + U
(
dr2
∆
+ dϑ2
)
+
sin2 ϑ
U
(a dt− (r2 + a2)dϕ)2, (4.3)
with
U(r, ϑ) = r2 + a2 cos2 ϑ, ∆(r) = r2 − 2M r + a2,
where M and aM denote the mass and the angular momentum of the black hole, respectively. As
in [FKSY05] we restrict attention to the non-extreme case M2 ≥ a2 and to the region r > r1 =
M +
√
M2 − a2 outside the event horizon, implying that ∆ > 0. This metric is of the form (2.1)
with
N =
∆U
σ2
and Ni =
2Mr a sin2 ϑ
U
(0, 0, 1)
and
σ2 := (r2 + a2)U + 2Mr a2 sin2 ϑ .
A short computation shows that Assumption 2.1 does not hold in the region
r2 − 2Mr + a2 cos2 ϑ < 0,
referred to as the ergosphere. In particular, on the outer ergosurface we have −N2 + NiN i = 0.
Hence, we are not able to introduce a weighting factor as simple as before. Nevertheless, a simple
rewriting of the operator w2 supplies the desired result. First, let us rewrite the operator w2 as
follows,
w2 = −N2(
√
|g|)−1∂i
(√
|g|hij∂j
)
+ V
= −N2(
√
|g|)−1∂i
(√
|g|gij∂j
)
+N2(
√
|g|)−1∂i
(√
|g|N−2N iN j∂j
)
+ V
= −N2(ρ
√
|g|)−1∂i
(
ρ
√
|g| gij∂j
)
+N2(
√
|g|)−1∂i
(√
|g|N−2N iN j∂j
)
+ V
= −N2∆µ,g +N2(
√
|g|)−1∂i
(√
|g|N−2N iN j∂j
)
+ V,
where we defined the variable ρ := (
√
|g|)(
√
|g|)−1 and ∆µ,g is a weighted Laplace operator. Since
the vector N i only has a ϕ-component and the components of the Kerr metric do not depend
explicitly on ϕ, we obtain,
w2 = −N2∆µ,g +N iN j∂i∂j + V. (4.4)
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This operator is symmetric on the Hilbert space L2(Σ, dµ˜) with domain C∞0 (Σ), where,
dµ˜ = N−2 dµ = N−2 dr d cosϑ dϕ .
In order to prove essential self-adjointness, it suffices to consider each ϕ-mode separately. Indeed,
the Hilbert space L2(Σ, dµ˜) is the orthogonal direct sum of the azimuthal modes, i.e.,
L2(Σ, dµ˜) =
⊕
k∈Z
Hk with Hk :=
{
Φ ∈ L2(Σ, dµ˜) ∣∣ Φ(r, ϑ, ϕ) = e−ikϕ Ξ(r, ϑ)} . (4.5)
Moreover, the operator w2 is invariant on each of the direct summands. Therefore, the self-adjoint
extension of w2 is simply the direct sum of the self-adjoint extensions of w2 on each Hk. With this
in mind, we may restrict attention to a single azimuthal mode k ∈ Z. Then for any Φ ∈ Hk as
above, we have
w2 Φ = e−ikϕ w2k e
ikϕ Φ , (4.6)
where w2k is the operator
w2k = −N2∆µ,g −
1
4
β2 + V
= −∆µ˜,g˜ − 1
4
β2 + V, (4.7)
with metric g˜ := N−2g and β := kN3 as given in [FKSY05, Equation 2.20]. To provide a proof of
essential self-adjointness we first prove that the manifold (Σ, g˜) is geodesically complete. In order
to do so, we supply the following result.
Lemma 4.4. The Riemannian manifold (Σ, gˆ) with metric
gˆ =
σ2
∆2
dr2 +
σ2
∆
(
dϑ2 + sin2 ϑ dϕ2
)
, (4.8)
is geodesically complete.
Proof. Clearly, multiplying the metric by a positive function which is bounded from above and
below does not change completeness properties. Therefore, instead of Metric (4.8) we can consider
the warped product metric
gˆN :=
r4
∆2
dr2 +
r4
∆
(
dϑ2 + sin2 ϑ dϕ2
)
.
The radial part is complete because the function r2/∆ is not integrable both at infinity and near the
horizon. Applying the result on the completeness of warped product metrics [BO69, Lemma 7.2]
(see also [BEE96, page 94]) completes the proof.
By this lemma we have:
Proposition 4.5. The Riemannian manifold (Σ, g˜) is geodesically complete.
Proof. We prove that the metric gˆ is strongly equivalent to the metric g˜ w.r.t. the topology in-
duced by the norms. By strong equivalence and Lemma 4.4 geodesic completeness follows. Strong
equivalence requires proving the following inequalities,
e gˆiju
i uj ≤ g˜ijui uj ≤ f gˆijui uj ,
for constants 0 < e ≤ 1 and f ≥ 1 and tangent vectors u ∈ TΣ. Since we have diagonal metrics
with equal g˜rr = gˆrr, g˜ϑϑ = gˆϑϑ components we only need to concentrate on the third component,
e ≤ σ
2
U2
≤ f.
Since one can rewrite the term σ2/U2 as
1 +
a2 sin2 ϑ
U
+
2M r a2 sin2 ϑ
U2
,
the first inequality with e = 1 is proven. The second inequality follows from the restriction to the
region r > r1 outside the event horizon.
4.3 Non-Globally Hyperbolic Spacetimes 8
By using the Lemma 4.4 and Proposition 4.5) we obtain the following result:
Theorem 4.6. Let the potential V˜ ∈ L2
loc
(Σ, µ˜) be such that it can be written as V˜ = V˜+ + V˜−,
where V˜+ ∈ L2loc(Σ, µ˜) ≥ 0 and V˜− ∈ L2loc(Σ, µ˜) ≤ 0 point-wise. Moreover, let the operator w2 (from
Equation (4.4)) be semi-bounded from below. Then the operator w2 is an essentially self-adjoint
operator on C∞0 (Σ) ⊂ L2(Σ, µ˜).
Proof. The proof that w2k is essentially self-adjoint on C
∞
0 (Σ) ⊂ L2(Σ, dµ˜) follows readily from
Proposition 3.4, Theorem B.1 and the completeness of the metric g˜ by Lemma 4.5. Since w2k leaves
the sectors Hk for k ∈ Z invariant, recall the decomposition (4.5), it is in particular essentially
self-adjoint on each sector. But since the operator w2 is unitary equivalent to w2k on the sector Hk,
recall (4.6), it is essentially self-adjoint there. Combining the sectors we find that w2 is essentially
self-adjoint on all of C∞0 (Σ) ⊂ L2(Σ, dµ˜).
This theorem has the following immediate consequence.
Corollary 4.7. Let the potential term V be equal to zero. Then, the spatial derivative operator w2
is an essentially self-adjoint operator on C∞0 (Σ) ⊂ L2(Σ, µ˜).
Proof. For the case V = 0 it follows readily from the bound |β| ≤ c, that the operator w2 is
semi-bounded (since −∆µ˜,g˜ is a positive operator). Hence, Theorem 4.6 concludes the proof.
4.3 Non-Globally Hyperbolic Spacetimes
The advantage of studying the class of global hyperbolic spacetimesM = R×Σ, where Σ is a Cauchy
surface for the Klein-Gordon equation, is having a well-posed Cauchy problem. In particular, by
Leray’s Theorem [Ler52], the initial data on the Cauchy surface Σ define a unique solution of the
Klein-Gordon equation. However, there are interesting non-globally hyperbolic spacetimes that arise
as solutions in general relativity, e.g., the Gödel-Universe or the anti-de Sitter space, see [Haw73].
The unaesthetic feature of such spacetimes is that by definition, there is no initial data surface that
is a Cauchy surface. Thus, in such spacetimes the equations of motion cannot predict from initial
conditions the outcome of the dynamics in certain regions of this spacetime.
An important step towards addressing the Cauchy problem in certain classes of static non-
globally hyperbolic spacetimes was proposed by [Wal80], see also [Kay92] in this context. Prin-
cipally, in [Wal80] a (unique, see [IW03]) prescription of defining the dynamics was given. The
main ingredient is finding self-adjoint extensions of the spatial part of the Klein-Gordon equation
(i.e. w2). Self-adjointness of the operator w2 is proven by using its symmetry and positivity and
hence by being able to apply the Friedrichs extension that guarantees the existence of at least
one self-adjoint extension. Moreover, in [IW03] the authors were able to prove the uniqueness of
this method and in [Seg04] the construction was extended to stationary non-globally hyperbolic
spacetimes.
In this section we consider non-globally hyperbolic static and stationary spacetimes and study
the essential self-adjointness of the operator w2. Let us consider the non-globally hyperbolic space-
time manifold (M, g), where M = R× Σ, with a metric g given by
g = −N2(~x)dt2 + gij(~x) (dxi +N i(~x) dt) (dxj +N j(~x) dt),
where (Σ,g) is a Riemannian manifold and by definition not a Cauchy-surface. Moreover, let
the shift function be bounded from below and above (by constants αB, αC ∈ R). In addition
Assumption 2.1 holds, which implies NiN
i < αC . Then, by Theorem 4.2 it is clear that for
such a non-globally hyperbolic spacetime M the Riemannian manifold (Σ,g) is not complete.
Since conformal transformations preserve (non-)global hyperbolicity it is clear that the Riemannian
manifold (Σ, g˜; = N−2g) is not complete either. However, the following result holds.
Theorem 4.8. Let (M, g) be a non-globally hyperbolic spacetime, where M = R×Σ, with metric
g = −N2(~x)dt2 + gij(~x) (dxi +N i(~x) dt) (dxj +N j(~x) dt).
Moreover, let (Σ, g) be a smooth Riemannian manifold, the shift function be bounded from below
and above (by constants αB, αC ∈ R) and let the shift vector ~N be the derivative of a smooth
proper function on Σ, with bound ~N2 < N2. Then, the Riemannian manifold (Σ, h˜), where h˜ij =
N−2gij + (1−N−2 ~N2)−1N−4NiNj, is geodesically complete.
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Proof. From the non-global hyperbolicity of the manifold (M, g) it follows with Theorem 4.2 that
the Riemannian manifold (Σ,g) is not complete. However, since the shift vector is a derivative of
a smooth proper function (on Σ), it follows by [Gor73, Theorem 1] that the Riemannian manifold
(Σ,k) with metric k given by
kij := N
2 gij +NiNj ,
is complete. Next, let us define the Riemannian metric k˜ as
k˜ij := gij +N
−2NiNj .
From the boundedness of N2 it follows that the norms of k˜ and k are strongly equivalent, i.e.,
αB k˜iju
iuj ≤ kijuiuj ≤ αC k˜ij .
Hence, from the completeness of the Riemannian manifold (Σ,k) it follows that (Σ, k˜) is geodesically
complete as well. Next, we turn to the Riemannian metric h given as
hij = gij +N
−2(1 − ‖ ~N‖2g˜)−1NiNj ,
with g˜ := N−2g. Since k˜ is complete, h > 0 and h− k˜ > 0 for any tangent vectors u ∈ TΣ,
(hij − kij)uiuj = ((1 − ‖ ~N‖2g˜)−1N−2NiNj −N−2NiNj)uiuj > 0.
This is satisfied by multiplying with the term (1 − ‖ ~N‖2g˜) > 0,
(1− (1− ‖ ~N‖2g˜)N−2NiNjuiuj = (‖ ~N‖2g˜)N−2NiNj uiuj > 0.
It follows that the Riemannian manifold (Σ,h) is complete, (see [Gor73, Remark 2]). The focus
of our interest is the conformally transformed Riemannian manifold, (Σ, h˜), with the metric h˜ =
N−2h. Since N2 is bounded from below and above it follows by the strong equivalence of the norms
of the metrics h˜ and h, i.e.,
αB h˜iju
iuj ≤ hijuiuj ≤ αC h˜ij ,
for any tangent vectors u ∈ TΣ that (Σ, h˜) is geodesically complete.
Therefore, the operator w2 (from Equation 3.1) is an essentially self-adjoint operator on
C∞0 (Σ) ⊂ L2(Σ, h˜, µ). Next, let us consider a static spacetime (M, g), where M = R × Σ, with a
metric g given by
g = −N2(~x) dt2 + gij(~x) dxi dxj ,
where g is the induced Riemannian metric on the smooth manifold Σ. For a non-globally hyperbolic
spacetime M the Riemannian manifold (Σ, N−2g) is not complete. Since if it were complete the
spacetime (M, g˜), where g˜ = N−2g, would be globally hyperbolic and so would the spacetime
(M, g).3 Therefore, [MO18a, Theorem 4.1] regarding essential self-adjointness of the operator w2
does not apply. However, one can complete the Riemannian manifold (Σ, N−2g) by using the work
of [Gor73] in a natural way.
Theorem 4.9. Let (M, g) be a non-globally hyperbolic static spacetime, where M = R× Σ, with
metric g given by
g = −N2(~x) dt2 + gij(~x) dxi dxj ,
and let (Σ, g) be a smooth Riemannian manifold and −N2 + NiN i < 0. Then, there exists a
vector ~γ such that ~∇γ = ~γ, where γ is a smooth proper function on Σ and it follows that the
Riemannian manifold (Σ, N−2e‖~γ‖
2
gg) is complete. Hence, the warped product manifold (Mf , gf),
where Mf = Σ×f R with f = e−‖~γ‖
2
g , f : Σ→ (0,∞) and metric
gf = −e−‖~γ‖
2
gN2(~x)dt2 + gij(~x) dx
i dxj ,
is globally hyperbolic.
3 Moreover if N2(~x) is bounded it follows from Theorem 4.2 (or [Kay78, Proposition 5.2]) that the Riemannian
manifold (Σ, g) is not complete.
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Proof. The existence of a smooth proper function γ on a smooth manifold follows from [Pet10,
Proposition 1.3.5]. From [NO61, Theorem 1], [Gor73, Corollary] it follows that (Σ, N−2e‖~γ‖
2
gg) is
complete and hence [Kay78, Proposition 5.2] insures the global hyperbolicity of (Mf , N
−2e‖~γ‖
2
ggf ).
Since conformal transformations preserve the causal structure it follows that (Mf , gf) is globally
hyperbolic as well.
There is a straightforward generalization of this result to the case of stationary spacetimes.
Theorem 4.10. Let (M, g) be a non-globally hyperbolic stationary spacetime, where M = R×Σ,
with metric g given by
g = −N2(~x) dt2 + gij(~x) (dxi +N i(~x) dt) (dxj +N j(~x) dt),
and let (Σ, g) be a smooth Riemannian manifold. Then, there exists a vector ~γ such that
~∇γ = ~γ, where γ is a smooth proper function on Σ and it follows that the Riemannian manifold
(Σ, N−2e‖~γ‖
2
gg) is complete. Hence, the warped product manifold (Mf , gf ), where Mf = Σ ×f R
with f = e−‖~γ‖
2
g , f : Σ→ (0,∞) and metric
gf = −e−‖~γ‖
2
gN2(~x)dt2 + gij(~x) (dx
i +N i(~x) dt) (dxj +N j(~x) dt),
is globally hyperbolic.
Proof. The existence of a smooth proper function γ on a smooth manifold follows from [Pet10,
Proposition 1.3.5]. From [NO61, Theorem 1], [Gor73, Corollary] it follows that (Σ, g˜), where
g˜ := N−2e‖~γ‖
2
gg), is complete. Moreover, since the scalar product of the shift vectors βi(~x, t) for
the spatial metric N−2e‖~γ‖
2
gg is uniformly bounded from above, it follows from Theorem 4.2 that
(Mf , N
−2e‖~γ‖
2
ggf ) is globally hyperbolic. As in the previous proof, we use the fact that confor-
mal transformations preserve the causal structure and hence it follows that (Mf , gf ) is globally
hyperbolic as well.
From this Theorem we obtain the following result.
Corollary 4.11. Let the metric h˜ be given by
h˜ij = g˜ij + (1−N−2e‖~γ‖
2
g ~N2)−1N−4e‖~γ‖
4
gNiNj,
where g˜ = N−2e‖~γ‖
2
gg is the Riemannian metric from the former theorem and let N−2e‖~γ‖
2
g ~N2 < 1.
Then, the Riemannian manifold (Σ, h˜) is complete.
Proof. We consider the case ~N 6= 0, due to the fact that the case ~N = 0 follows from the previous
theorem. Since g˜ is complete, h˜ > 0 and h˜− g˜ > 0 for any tangent vectors u ∈ TΣ, it follows that
the Riemannian manifold (Σ,h) is complete, (see [Gor73, Remark 2]).
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A Proofs
A.1 Proof of Lemma 3.1
Proof. In order to see the explicit form of the Klein Gordon Equation we first use the splitting of a
spacetime provided by the metric and the inverse metric and hence a straight forward calculation
yields,
(
(
√
|g|)−1∂µ(
√
|g|gµν∂ν)
)
φ
=
(
g00∂20 + (
√
|g|)−1∂i(
√
|g|gi0∂0) + (
√
|g|)−1∂0(
√
|g|g0i∂i) + (
√
|g|)−1∂i(
√
|g|hij∂j)
)
φ
A.2 Proof of Lemma 3.2 11
=
(
g00∂20 + (
√
|g|)−1∂i(
√
|g|N−2N i∂0) + (
√
|g|)−1∂0(
√
|g|N−2N i∂i) + (
√
|g|)−1∂i(
√
|g|hij∂j)
)
φ
=
(
g00∂20 + (
√
|g|)−1∂i(
√
|g|N−2N i∂0) +N−2N i∂i∂0 + (
√
|g|)−1∂i(
√
|g|hij∂j)
)
φ,
which in turn leads to
(
∂20 + f∂0 + w
2
)
φ = 0.
Here f is defined as
f := −(g00
√
|g|)−1∂i(
√
|g| g00N i)− 2N i∂i,
where the operator w is given by
w2 = (g00)−1(
√
|g|)−1∂i
(√
|g|hij∂j
)
− (g00)−1m2(x)
= +(g00)−1(
√
|g|)−1(
√
|h|)(
√
|h|)−1∂i
(√
|g|(
√
|h|)−1(
√
|h|)hij∂j
)
− (g00)−1m2(x).
A.2 Proof of Lemma 3.2
Proof. First, we calculate the explicit form of the function ρ by calculating the ration of the
determinants |g| and |h|. We begin with |g|,
|g| = |N23 g12g21 −N2N3g13g21 −N23 g11g22 +N1N3g13g22 +N2N3g11g23 −N1N3g12g23
−N2N3g12g31 +N22 g13g31 +N1N3g22g31 −N1N2g23g31 +N2N3g11g32 −N1N2g13g32
−N1N3g21g32 +N21 g23g32 −N22 g11g33 +N1N2g12g33 +N1N2g21g33 −N21 g22g33 + g00 det(g)|.
Here, the determinant of the spatial part of the metric g is
det(g) = −g13g22g31 + g12g23g31 + g13g21g32 − g11g23g32 − g12g21g33 + g11g22g33,
while the determinant of the metric hij is given as
|h| = |g−100 ||N21 g23g32 −N21 g22g33 +N3N1g13g22 −N3N1g12g23 +N3N1g22g31 −N2N1g23g31
−N2N1g13g32 −N3N1g21g32 +N2N1g12g33 +N2N1g21g33 +N23 g12g21 −N2N3g13g21
−N23 g11g22 +N2N3g11g23 −N2N3g12g31 +N22 g13g31 +N2N3g11g32 −N22 g11g33 + g00 det(g)|.
Hence, it follows readily that,
|h| = |g−100 ||g|.
While positivity is obvious, smoothness of the function ρ follows from Assumption 2.1.
B Supplementary Material
B.1 Shubin’s Theorem
The following result [Shu01, Theorem 1.1] is fundamental for many proofs in this work.
Theorem B.1. Let the Riemannian manifold (Σ,h) be complete and let the potential V ∈
L2loc(Σ, ν) be such that we can write V = V++V−, where V+ ∈ L2loc(Σ, ν) ≥ 0 and V− ∈ L2loc(Σ, ν) ≤
0 point-wise and the corresponding operator −∆ν + V be semi-bounded from below. Then, the op-
erator −∆ν + V is an essentially self-adjoint operator on C∞0 (Σ, ν).
We write f ∈ L2loc(Σ, ν) for a local L2(Σ, ν) function f that is an element of the weighted Hilbert
space L2(Σ, ν) on every compact subset of the manifold Σ.
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